Abstract. In his study of Nekrasov-Okounkov type formulas on "partition theoretic" expressions for families of infinite products, Han discovered seemingly unrelated q-series that are supported on precisely the same terms as these infinite products. In earlier work with Ono, Han proved one instance of this occurrence that exhibited a relation between numbers a(n) that are given in terms of hook lengths of partitions, with numbers b(n) that equal the number of 3-core partitions of n. Recently Han revisited the q-series with coefficients a(n) and b(n), and numerically found a third q-series whose coefficients appear to be supported on the same terms. Here we prove Han's Conjecture about this third series by proving a general theorem about this phenomenon.
Introduction
In their study of supersymmetric gauge theory, Nekrasov and Okounkov discovered a striking infinite product identity [6] . This surprising theorem relates the sum over products of partition hook lengths to the powers of Euler products and has been generalized in many ways to give expressions for many infinite product q-series. The original identity is given by
where the sum is over integer partitions, |λ| the integer partitioned by λ, and H(λ) the multiset of classical hook lengths associated to a partition λ. The Nekrasov-Okounkov formula specializes in the case z = 2 and z = 4 to two classical q-series identities. The first is a special case of Euler's Pentagonal Number Theorem, and the second gives Jacobi's famous identity for the product
.
In [1] , Han extended the Nekrasov-Okounkov identity to consider the number of t-core partitions of n. While working on this generalization, Han investigated the nonvanishing of infinite product coefficients. For example, he considers the infinite product,
and conjectures in [2] that the coefficient of x n is not equal to 0 for t ≥ 5, t, s positive integers such that s|t and t = 10. Letting s = 1 and t = 5, Han reformulates the famous conjecture of Lehmer that the coefficients of
In [2] , Han formulated a conjecture comparing the nonvanishing of terms of F 9 (x) with another infinite Euler product given by
Recall F 9 (x) is the series given by
Based on numerical evidence, Han conjectured that the non-zero coefficients of F 9 (x) and C 3 (x) are supported on the same terms; assuming the notation above, a(n) = 0 if and only if b(n) = 0. This conjecture is proved in a joint paper with Ono, [3] . In addition to proving the conjecture, Han and Ono proved a(n) = b(n) = 0 precisely for those non-negative integers n for which ord p (3n + 1) is odd for some prime p ≡ 2 (mod 3).
Recently Han discovered another series that appears to be supported on the same terms as C 3 (x) and F 9 (x). This series is given by,
Based on numerical evidence, Han conjectured a(n) = 0 if and only if b(n) = 0 if and only if c(n) = 0.
Here we prove the following general theorem which produces infinitely many modular forms, like those in (1.2) and (1.3) which are supported precisely on the same terms as (1.1).
n is an even weight newform with trivial
Nebentypus that has complex multiplication by Q( √ −3) and a level of the form 3 s , where s ≥ 2. Then the coefficients A(n) = 0 if and only if b(n) = 0. More precisely, A(p) = b(p) = 0 for those non-negative primes p for which ord p (3n + 1) is odd for some prime p ≡ 2 (mod 3).
Remark. Here we let q := e 2πiz and ∞ n=1 A(n)q n is the usual Fourier expansion at infinity.
Remark. Theorem 1.1 implies the original work of Han and Ono. As explained in [3] , the normalized function a(n) is a weight 4 newform with complex multiplication by Q( √ −3) with level 9. Theorem 1.1 also implies Han's new conjecture because the normalized function c(n) is the weight 2 complex multiplication form for the elliptic curve with complex multiplication by Q( √ −3) given by y 2 + y = x 3 − 7 with level 3 3 = 27 [5] .
Remark. It turns out that much more is true about the relationship between the two series in (1.2) and (1.3). Consider the normalized function of a(n) and c(n) given by,
and
If p ≡ 1 (mod 3) is prime, then we have that a 2 (p) divides a 1 (p).
To prove Theorem 1.1, we make use of the known description of (1.1), the generating function for the 3-core partition function, and then generalize the work in [3] to extend to this situation.
Preliminaries
We begin by recalling the exact formula for the coefficients b * (n) of the modular form B(z). Recall the Dedekind's eta function, denoted η(z), is defined by the infinite product
The coefficients B * (n) are given by 
As Lemma 2.1 shows, the only n ≡ 1 (mod 3) for which b * (n) = 0 are those n for which ord p (n) is odd for some prime p ≡ 2 (mod 3). The following lemma describes the nonvanishing conditions for the series (2.1) as described in [2] . Lemma 2.2. Assume the notation above. Then if p = 3 or p ≡ 2 (mod 3) is prime, b * (p) = 0.
To prove the original conjecture, Han and Ono recalled the exact formula for the coefficients a 1 (n) described in [3] . The modular form A(z) is given by
where q := e 2πi and z ∈ H, the upper-half of the complex plane. This normalized series A(z), such that a(n) ≡ a 1 (3n + 1), is an example of a special type of modular form. This modular form is in S 4 (Γ 0 (9)), the space of weight 4 cusp forms on Γ 0 (9). A(z) is a newform with complex multiplication. Using this theory, Han and Ono proved the following theorem. (
where x and y are integers for which p = x 2 + 3y 2 and x ≡ 1 (mod 3).
The theorem above shows that a 1 (n) satisfies the same nonvanishing conditions demonstrated by b * (n) as noted in Lemma 2.2, proving the original conjecture.
Proof of Theorem 1.1
We now briefly recall the theory of newforms with complex multiplication (see Chapter 12 of [4] or Section 1.2 of [7] ). Let D < 0 be the fundamental discriminant of an imaginary quadratic field K = Q( √ D). Let O K be the ring of integers of K and χ K := D • be the usual Kronecker character associated to K. Let Λ be a nontrivial ideal in O K and I(Λ) denote the group of fractional ideals prime to Λ. Then φ defines a homomorphism
Let ω φ be the Dirichlet character defined as
for every integer n coprime to Λ. Consider the function Ψ(z) defined by
where the sum is over the integral ideals a that are prime to Λ and N (a) is the norm of the ideal a. This function Ψ(z) is a cusp form in
The cusp form Ψ(z) is a "newform" in the sense of Atkin and Lehner [7] . Therefore, Ψ(z) is a normalized cusp form that is an eigenform of all the Hecke operators and all the AtkinLehner involutions | k W (Q p ) for primes p|N and | k W (N ). The following theorem describes the vanishing Hecke eigenvalues when there is a prime p such that p 2 divides the level.
Theorem 3.1 (Theorem 2.27 (3) of [7] ). Suppose
newform. If p is a prime for which p 2 |N , then a(p) = 0.
This information gives the following nonvanishing conditions on newforms with complex multiplication. which is false, proving Claim (4).
Proof of Theorem 1.1. The theorem follows by combining Lemma 2.2, Corollary 3.3 and Lemma 3.2.
3.1. The series in (1.3) . We normalize the function c(n) using the following series,
The series C(z) is a modular form given by
